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Paper Coming Up

• Sayama, H. (2019) 
Cardinality leap for 
open-ended evolution: 
Theoretical 
consideration and 
demonstration by "Hash 
Chemistry", Artificial 
Life 25:2, in press.

• Preprint available: 
https://arxiv.org/abs/18
06.06628

https://arxiv.org/abs/1806.06628


Artificial Life 
(1987-)

• Interdisciplinary field founded 
by Christopher Langton

• International Society for 
Artificial Life (ISAL; 2001-) 
http://alife.org

• Artificial Life journal (MIT 
Press)

• ALIFE/ECAL conferences

• IEEE ALIFE, AROB conferences
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“Artificial Life”

• “... is a field of study devoted to 
understanding life by attempting to 
abstract the fundamental dynamical 
principles underlying biological 
phenomena, and recreating these 
dynamics in other physical media ― such 
as computers ― making them accessible 
to new kinds of experimental 
manipulation and testing.”

• “... In addition to providing new ways to 
study the biological phenomena 
associated with life here on Earth, life-as-
we-know-it, Artificial Life allows us to 
extend our studies to the larger domain of 
"bio-logic" of possible life, life-as-it-could-
be.”

• C. G. Langton, "Preface", In C. G. Langton, C. Taylor, J. D. Farmer, 
and S. Rasmussen, eds., Artificial Life II, vol. X of SFI Studies in the 
Sciences of Complexity, pp. xiii-xviii, Addison-Wesley, 1992.



Open-Ended 
Evolution
Evolution that keeps producing novel forms and 
adaptations with no apparent limit



https://www.oreilly.com/ideas/open-endedness-
the-last-grand-challenge-youve-never-heard-of
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Toward Open-
Ended Evolution in 
ALife

Examples:

• Avida (Adami et al., 1993-)

• Geb (Channon 2001-)

• Stringmol (Hickinbotham 2010-)

• Evolutionary Swarm Chemistry 
(Sayama 2011-) etc.

Challenges:

• Definition & characterization

• Candidate mechanisms

• Specific implementations
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An Issue How can we effectively achieve an 
infinite possibility space in an 
artificial evolutionary model?

Bottom-up 
evolution by 

interactions of 
lower-level 

entities

Formation of 
unbounded 
higher-level 

organizations

Evolution on a well-defined, finite 
fitness landscape cannot be open-

ended, by definition
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Theoretical Consideration



Evolution in a Typical “Landscape” View
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Possibility 
space
S



Cardinality of Possibility Set S

S = { A, B, C }

S = { 1, 2, 3, 4, 5 … }

S = { (any real number) }
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|S| = 3

|S| = ∞

|S| = ∞

Countably finite

Countably infinite

Uncountably infinite

<
<



Countably Finite Possibilities
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Countably 
finite 

possibilities



Countably Infinite Possibilities

13

Countably 
infinite 

possibilities



Uncountably Infinite Possibilities
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Uncountably 
infinite 

possibilities



Cardinality of Possibility Set 
S and the Fate of Evolution

Open-ended evolution is a parallel 
search process that must keep 
testing novel possibilities

If S is finite, OEE will eventually reach 
the optimal type in a finite amount 
of time (which ironically makes the 
evolution NOT open-ended!)

(If S is countably infinite, OEE is 
possible, though a bit unnatural)
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Now What?

• “Finite but very large S is sufficient”

=> Sure, fair enough

• “Continous S solves the problem”

=> Real biological entities use discrete, symbolic codes

=> With this, simple chaos would also be considered OEE

• “Formation of higher-order entities in S solves the 
problem”

=> Hell yes, we should do it
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Cardinality Leap
Allowing entities in S to form higher-order entities (i.e. multisets)
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Cardinality Leap: Examples
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S = { A, B, C }

S = { 1, 2, 3, 4, 5 … }

S* = { {}, {A}, {B}, {C},

{A,A}, {A,B}, …,

{A,A,A}, {A,A,B}, … }

S* = { (all possible frequency
distributions defined on 

all positive integers) }



Higher-Order Entities and Cardinality Leap

• Cardinality of the set of higher-order entities jumps up

• Finite -> Countably infinite

• Countably infinite -> Uncountably infinite

• This approach has been used in several different forms
• Multisets in Artificial Chemistry models
• Unbounded code trees in Genetic Programming

etc…
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Examples

• From finite to countably infinite
• Individual entities: Chemical 

elements
• Higher-order entities: Multisets 

of elements (i.e., molecules)

• From countably infinite to 
uncountably infinite
• Individual entities: Molecules
• Higher-order entities: Multisets 

of molecules (e.g., cells)
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An Illustrative Toy Model:
“Hash Chemistry”



Artificial Chemistry

•A sub-field of Artificial 
Life where models of 
artificial chemical 
reactions are used to 
study the emergence 
and evolution of life 
from non-living 
elements
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A Challenge

How can one design a 
mechanistic, universal

means for evaluating the 
level of success of 

entities of any arbitrary 
size or order?



A Lazy 
Solution: 
Hash 
Function
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Hash Function: Examples
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Hash Chemistry: Outline

Hash 
function

Fitness

Higher-order 
entity

• Replication
• Removal
• No action
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Hash Chemistry: Details

1. Move particles randomly

2. For each particle’s position:
a) Select a random subset (s) of particles in vicinity (N)
b) With probability 1/|s|:

i. Sort the content of s
ii. Calculate fitness f of s using a hash function

iii. With probability 1 – f, remove s from space
iv. With probability f (1 – |N|/dmax), add a copy of s to 

space

3. Mutate particle types probabilistically

4. Randomize the order of particles
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Fitness Increases (Obviously)
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Units of Self-Replication Becomes Larger



What Is Happening?
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Single individual entities only



What Is Happening?
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Pairs of individual entities included



What Is Happening?

33

Triplets of individual entities included
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Unbounded Possibilities by Cardinality Leap



Then, Reviewer #2 Comes In

•Is this really adaptation? 

•Any random number generators 
may be used as fitness to produce 
similar results.
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Control Experiments

1. Move particles randomly

2. For each particle’s position:
a) Select a random subset (s) of particles in vicinity (N)
b) With probability 1/|s|:

i. Sort the content of s
ii. Calculate fitness f of s using a random number 

generator
iii. With probability 1 – f, remove s from space
iv. With probability f (1 – |N|/dmax), add a copy of s to 

space

3. Mutate particle types probabilistically

4. Randomize the order of particles
36



This Is What Happened
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With Positively Biased Random Number Generators
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Reviewer #2 Receives a Reply

•Is this really adaptation? 

•Any random number generators 
may be used as fitness to produce 
similar results.
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Yes

No



Conclusions
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Proposed formation of higher-order 
entities as an effective way to cause a 
“cardinality leap”

Proposed a toy model “Hash 
Chemistry” using a hash function as 
the universal fitness evaluator

Cardinality leap facilitated unbounded 
increase in the production of novel 
types

Control experiments showed the 
observed dynamics were evolutionary 
adaptation driven by selection
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